INTRODUCTION
One of the important EMC problems in integrated circuits (IC's) is cross-talk. This phenomenon can be an especially troublesome problem in high-density layouts, when a voltage pulse on one conductor line induces transients on other neighboring lines. Capacitive coupling is frequently the primary cause of cross-talk. In order to verify, via simulation, the correct behavior of IC's before costly fabrication, these capacitances must be determined from the layout design of the circuit. This process is called capacitance extraction. (Silvester and Ferrari 6] ) are the most popular techniques used for capacitance modeling. The BEM is based on the assumption that the structure of IC's may be well approximated by a uniform strati cation of dielectric layers, as is shown in Figure 1 , bordered at the bottom by ideal ground plane, whose potential is zero. The conductors running through such a dielectric structure are assumed to be perfectly conducting and each of them forms an equipotential. The BEM, for calculation of multiconductor capacitances, allows to express the electrostatic potential in terms of the prime integrals known in the form of Green's function. However, the BEM can only be used when the Green's function is readily given, i.e. when the strati cation of the dielectric layers is perfect. If the dielectric structure of the integrated circuit becomes irregular, as in Figure 2 , the Green's function method loses much of its usefulness. Then one must resort to the FEM which solves the di erential equations in a closed, relatively small domain directly and locally. But the FEM results in a very large system of linear equations when it models the entire layout of IC. The other disadvantage of the FEM, in comparison with the BEM, is that it cannot handle the e ects of an electrical eld which extends to in nity. In this paper we propose the hybrid element method (HEM) for the modeling of capacitive interconnects, which is capable of dealing with disturbances and/or irregularities in a dielectric strati cation. The key concept of our method is to combine the BEM and the FEM in one capacitance extraction system, so that the BEM is used in the regular regions of the layout of IC, while the FEM is used in the bounded, localized regions that exhibits irregularities. The derivation of the capacitance models for either the BEM or the FEM is well known, we recall them shortly in Section 2. The main modeling problem we consider in this paper is how to connect the two models obtained by the BEM and the FEM. Some proposals for the hybrid BEM/FEM method can be found in the literature. However, they focus on solving particular eld problems and do not give a good physical circuit model, which is desired for extraction purposes. Our proposal for the electrical model of the interface between regions modeled by the BEM and the FEM is a generalized ideal transformer (Belevitch 1]), we explain its derivation in Section 3, and obtain a complete circuit model consisting of a lossless system of capacitances coupled by ideal transformers. Elimination of the transformers yields a purely capacitive model. From this model we can easily derive all the capacitive couplings and we can select a number of the most strongly coupled pairs of conductors for further analysis and/or redesign process. The hybrid method has been validated and tested for basic benchmarks with layered media in two and three dimensions. Theoretically we found good convergence properties of the hybrid method. These have been con rmed by the practical results. Comparison of results obtained by the HEM and by other methods shows the usefulness and superiority of the hybrid method.
THE BOUNDARY ELEMENT METHOD
Consider a geometry consisting of a number of ideal conductors embedded in a perfectly strati ed dielectric medium for which the prime integrals in the form of Green's function G(p; q) (p and q are the observation and source points, respectively) are known (Dewilde and Ning 3], v.d. Meijs 4] , Ruehli and Brennan 5] ). Let (p) be the potential at point p, k(p) the dielectric permittivity, @ @nq the derivative along the outward normal n q to the boundary surface S(q) and (q) = k(q) @ (q) @nq the charge density along S(q). The BEM, employed to solve the modeling problem, can be described brie y as follows:
1. The 'reciprocal version' of Green's theorem (Brebbia 2], Dewilde and Ning 3]) for a point p on the surface S states:
(we use the detailed formulation including the normal derivative of the Green's function because we need this later for the hybrid method). 2. The discretization of the charge density on conductors is taken to be a piecewise constant distribution over a set of the triangular elements:
where f i (q) is the constant shape function assigned to the boundary element S i , and such
3. The Galerkin method for the discretized Equation (1) gives: 
G the matrix with entries:
I the identity matrix; 4. Symmetrization of the capacitance matrix C c = G ?1 1 2 I + G (n) ] by substitution: The C s matrix derives its name from the fact that the entry C sij is related to the total charge on conductor i when the conductor j is maintained at unit potential and all the other conductors are short-circuited to the ground. Let C ii be the ground capacitance between conductor i and the reference, and C ij the coupling capacitance between conductors i and j, then:
Derivation of C ij from the C s matrix gives the solution of our modeling problem and allows further analysis of the 'cross-talk relation' between conductors.
THE FINITE ELEMENT METHOD
The FEM (Silvester and Ferrari 6]) can be used for modeling of a closed, usually relatively small domain. In that case, the solution domain is decomposed in a mesh of tetrahedrons, say with M nodes, and to each tetrahedron we assign four a ne (linear) basis functions. This produces a collection of basis functions ff ij (p)g N i=1 for j = 1; 2; 3; 4, such that f ij (p) 6 = 0 only on the tetrahedron i and f ij (p) = 1 in the node j of the tetrahedron i, and zero in the other nodes. Let us consider the tetrahedral element shown in Figure 3 . (12) or using shape functions it can be written as:
f i1 (x; y; z) f i2 (x; y; z) f i3 (x; y; z) f i4 (x; y; z) The eld (p), which is a solution to the eld equation:
(15) (and satis es the Dirichlet boundary conditions), is the unique function that minimizes the energy integral:
The energy of the entire system is simply the sum of energies of the individual elements. Let us assume that the potential is known at the boundary surface S of the domain , and let us split the vector of potentials into the boundary potentials b and the internal potentials i . Minimizing the energy E for the discretized potential:
over the i 's while keeping the b 's xed produces:
The relationship between the node potentials and the node charges using the capacitance matrix H can be written as:
where the new vector b can be interpreted as the charge needed on the boundary nodes to maintain the potential inside (the inside nodes are charge free). Knowing that conductors form an equipotential, and accounting for the incidence relation between nodes and conductors, we can easily derive the multiconductor capacitance matrix which contains all couplings between conductors except the ground 'autocapacitances'.
THE HYBRID ELEMENT METHOD
We model the integrated circuit overall as the 3D strati ed dielectric medium in which a number of ideal conductors is placed, and in which also subregions occur where the strati cation is imperfect or the permittivity varies irregularly. We partition the domain of interest into the following regions:
an 'inside' (bulk) region which may have a complex irregular structure, and which we model by the bulk FEM. The 'inside' model is described by the following equation:
an 'outside' region which has the regular strati ed structure, in which the conductors oat and which we shall model using the BEM since the Green's function for a strati ed medium is known. The 'outside' model is described by the following equation:
where index c denotes the conductors and b the boundary between the 'outside' and 'inside' regions. a boundary interface between the regions, which has the property that the average potentials over interface faces, from 'outside' and 'inside', should be the same and the charges 'inside' and 'outside' should compensate each other (this explains the (?) sign of b in Equation (21)).
The 'bulk' region is decomposed into tetrahedrons, resulting in a bounding interface consisting of a mesh of triangular nite elements. On the surface of conductors we also place a triangular mesh, however when the conductor crosses the 'inside' region the conductor mesh should be consistent with the mesh of tetrahedrons.
The main problem we consider here is the derivation of a good circuit model for the interface between the two regions. The 'outside' model consists of capacitances between any pair of the boundary faces (including faces on the boundary interface) and 'autocapacitances' to the ground for each face. The 'inside' model consists of capacitances between each pair of the nodes on the boundary interface. We wish to connect the 'inside' and the 'outside' using a circuit which is non-dynamic, lossless and reciprocal. The only electrical circuit which satis es all these requirements is a (generalized) ideal transformer.
To explain how the concept of a transformer can be used, let us consider the boundary mesh at the interface, see Figure 4 . For the faces on the interface we have: Outside: each (triangular) face i has an average potential i and a charge i . Inside: each node of the triangular mesh has potential and an overall node charge . For each triangle we determine the center of gravity and divide it in subregions which form an irregular (non-planar) polytope around each node. We distribute the 'outside' charge on face i evenly over the three bounding nodes, yielding for the case shown in Figure Writing such relations for all boundary nodes, we obtain a set of equations which can be written in a matrix form as: b = T b (23) and where T is a sparse matrix such that T ij is 1 3 if the ith boundary node belongs to the jth boundary face, and 0 otherwise. For the potential, referring to Figure 4 , we assume that each i is the average of the potentials belonging to its face:
(24) It turns out that the set of equations for all boundary faces can in fact be written using the same T matrix as: b = T T b (25) Equations (23) and (25) form the set of a transformer equations with T the transformer matrix which in the model representation is equivalent to the generalized ideal transformer shown in Figure 5 . To derive the dependence between the conductor potentials and the conductor charges we combine the 'outside' and 'inside' models with the transformer's equations, and eliminate all the boundary interface parameters, i.e. b , b , b and b . First, we multiply the second equation of the matrix Equation (21) by T, substitute Equation (25) 
The substitution of Equation (20) Figure 5 : The appearance of the transformer which models the boundary interface.
Using the incidence matrix A we nd the short circuit capacitance matrix:
which is the matrix we sought for. Derivation of the coupling capacitances from C s matrix is straightforward (see Equation (10)).
CONVERGENCE
We have studied the new HEM interface circuit model and are able to show that it is a correct model in the sense that the resulting eld converges to the true eld when the size (h) of the mesh goes to zero. The classical Galerkin convergence proof is not directly applicable here because of the discontinuity of the eld at the interface. This produces an essential singularity in the gradient of the eld which turns out to contribute a negligible part to the total energy, namely a part that goes to zero as O(h 2 ) when the mesh re nes. The BEM and the FEM, due to the rst order discretization and the minimum energy principle, converge linearly with the size (h) of the mesh when they are applicable. Because of this fact, the solution is obtained by minimizing the sum of energies (E in + E out ) of the individual components of the eld, assuming the transformer equations to be in force at the interface.
VALIDATION OF THE HEM
We have validated the hybrid method and have tested it for basic benchmarks in two and three dimensions. It is more convenient to validate the HEM with respect to existing methods in the 2D case. To do so, we adapted the theory of the hybrid method to two dimensions. We present the results of one signi cant experiment in 2D. Let us consider the cross-section of two in nite lines in two-layered medium shown schematically in Fig We introduce an arti cial irregular domain on which we use the HEM as described earlier. First, we assume that the bulk region has the same permittivity as the top dielectric layer k 3 = k 2 , this corresponds to the situation when the strati cation is perfect. In Table 1 , for xed discretization on conductors and the boundary interface, we show the results obtained by the BEM package Space (v.d. Meijs 4] ), the FEM package VLSIcap (Staker 7] ) and by the HEM. We compare the ground capacitances of the conductors C 1g and C 2g and the coupling capacitance C 12 . The results are not fully compatible as far as the discretization of the mesh is concerned (the VLSIcap mesh generator performs a relaxation of the mesh based on the initial re nement), but we have chosen the sizes so that results are comparable. The values for the FEM are relatively less accurate because the method cannot correctly account for the far eld, but the results are nonetheless close. Next, we assume that the bulk region has the same permittivity as the bottom layer k 3 = k 1 , namely we have a disturbance in the strati cation. We validate the results obtained by the HEM for this case by comparison with results coming from the FEM package VLSIcap. The comparison of results is displayed in Table 2 . We can conclude that the disturbance in the strati cation of the dielectric interface is strongly in uencing the coupling capacitance between conductors and that indeed the results are very close. In the three dimensions we have tested the structure shown in Figure 7 . We validated the HEM, again, by comparison of the results obtained by the hybrid method with those coming from the BEM package Space, see Table 3 . In Table 4 we show the results of the HEM for the structure displayed in Figure 7 while k 2 = 4. We see that the change in relative permittivity from k 2 = 1 to k 2 = 4 of the 'inside' region causes the di erence of around 30% in the value of C 12 which shows that the irregularities in the dielectrical structure cannot be neglected and must be tackled in a special way. Currently, we plan to compare the results of the HEM with 3D nite element results in the near future.
CONCLUSIONS
The change in the permittivity of the 'inside' region increases signi cantly the coupling capacitance be- tween the conductors. This phenomena cannot be covered by the BEM itself, thus the hybrid method is a good tool to verify the in uence of the irregularities on the coupling capacitances in the dielectric structure of the integrated structures.
